Steel demonstrated that the maximum-likelihood function for a phylogenetic tree may have multiple local maxima. If this phenomenon were general, it would compromise the applicability of maximum likelihood as an optimality criterion for phylogenetic trees. In several simulation studies reported on in this paper, the true tree, and other trees of very high likelihood, rarely had multiple maxima. Our results thus provide reassurance that the value of maximum likelihood as a tree selection criterion is not compromised by the presence of multiple local maxima-the best estimates of the true tree are not likely to have them. This result holds true even when an incorrect nucleotide substitution model is used for tree selection.
Introduction
demonstrated that, contrary to the assertion of Fukami and Tateno (1989) , the maximumlikelihood point for a given phylogenetic tree is not necessarily unique, a phenomenon that had been encountered by Cavalli-Sforza and Edwards (1967) in their early attempts to apply maximum likelihood in phylogenetic tree reconstruction. Steel's (1994) counterexample used an unrooted, bifurcating four-taxon tree such as tree 1 of figure 1 and two-state characters evolving under the Cavender-Farris substitution model (Cavender 1978) . Under this model, the probability that the taxa at the two ends of branch i have different states is given by
where v i is the expected number of substitutions on branch i. Then, letting q i ϭ 1 Ϫ p i be the probability of no difference, the likelihood of tree 1 for the one-character pattern shown is simply the probability of observing this pattern, which is given by 1 L ϭ (q pp ϩ q p p p q ϩ pp q lihood values. In this case, the implementations of maximum likelihood . . . which are based on simple hill climbing in the first level of optimization, may select a tree with less-than-maximum likelihood (even when all trees are examined under the second level of optimization).'' If this phenomenon were general, it would compromise the applicability of maximum likelihood as an optimality criterion for phylogenetic trees unless global optimization techniques that avoid the possibility of entrapment in local maxima were used. It is obvious, however, that tree 1 is not the most parsimonious for the four taxa and one character at its tips. It requires at least two character state changes or substitutions, whereas tree 2 requires only one. Thus, it is reasonable to ask: (1) Does tree 2 have a higher maximum likelihood than tree 1, and (2) does tree 2 have maxima at more than one set of branch lengths? The answer to the first question is yes, and the answer to the second is no.
The likelihood for the single character on tree 2 is given by 1 L ϭ (pϩp p ϩ p p2 1 2 5 3 4 1 2 5 3 4 1 2 5 3 4 2 ϩ p p p p p ).
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Substituting from equation (1) into equation (3) and simplifying gives
Because all terms in equation (4) that contain v 5 are negative, it is obvious that any increase in v 5 will increase L 2 if all other branch lengths are constrained to be finite. And as v 5 → ϱ, equation (4) will tend to
FIG. 1.-Two alternative unrooted, bifurcating trees for four taxa. Numerals are branch numbers. Branch numbers of the four external branches, 1, 2, 3, and 4, correspond to the four terminal taxa at the tips of the trees. The symbols ''ϩ'' and ''Ϫ'' represent the states of the terminal taxa for a single two-state character.
Because all terms in equation (5) are positive, L 2 will increase with any decrease in v 1 , v 2 , v 3 , or v 4 . Thus, L 2 has a unique maximum at v 1 ϭ v 2 ϭ v 3 ϭ v 4 ϭ 0, v 5 ϭ ϱ. At this point, L 2 ϭ 1/2. Thus, tree 2 has a much higher maximum likelihood than tree 1 and has only one set of optimal branch lengths rather than two. If it is generally true that the trees of highest maximum likelihood for a given data set have only a single optimum, the validity of maximum likelihood as an optimality criterion is not compromised. The remainder of this paper will describe the results of a series of simulation studies of this problem.
Simulation Studies General Methods
All studies employed four-state characters to simulate nucleotide sequence data. We performed studies with four, six, and eight taxa. Each study simulated the evolution of sequences according to some nucleotide substitution model over a model tree topology with various sets of branch lengths (referred to as ''simulation models'' below). Each set of sequences was then used to search for multiple maximum-likelihood solutions for one or more tree topologies and nucleotide substitution models (referred to as ''analysis models'' below). These studies were carried out with a special research version of the PAUP*4 computer program, written by D.L.S. Searches for multiple maximum likelihoods were accomplished with surfcheck, a routine of PAUP*4 which permits beginning the iterative likelihood solution from any number of random sets of branch lengths. Random branch lengths were drawn from the distribution given by v ϭ Ϫ1/4 ln(x), where x is a pseudorandom number from a uniform distribution within the interval (0, 1). Each search consisted of beginning the likelihood solution from 100 random sets of branch lengths for the given analysis model tree topology, recording the maximum likelihood found from each starting point, and then counting the number of distinct maxima. Two maxima were considered distinct only if their negative log likelihoods differed by more than a small tolerance in order to avoid inflating the numbers of distinct peaks due purely to round-off error in finite precision floatingpoint arithmetic.
Four-Taxon Simulations Simulation Models
In all four-taxon simulations, the model tree had the same topology as tree 2 in figure 1, which can be represented as ( (1 2) (3 4)). In most simulations, all external branches were given the same length. Sequences were evolved over this tree with one or more of the following nucleotide substitution models: Jukes-Cantor (JC; Jukes and Cantor 1969), Kimura two-parameter with transition/transversion ratio ϭ 10 (K2P; Kimura 1980) , and Hasegawa-Kishino-Yano with transition/ transversion ratio ϭ 10 and equilibrium base frequencies 0.1 (A), 0.4 (C), 0.4 (G), and 0.1 (T) (HKY; Hasegawa, Kishino, and Yano 1985) . For each substitution model, external branch length and internal branch length of the model tree were varied independently from 0.05 to 1.0 in increments of 0.05. For each of the resulting 400 pairs of branch lengths, 100 replicate sets of sequences were produced.
Analysis Models
For each set of simulated sequences, the surfcheck routine was used to search for multiple maximum likelihoods on either the model tree, ((1 2) (3 4)), or the alternative four-taxon tree ((1 3) (2 4)) with either the JC, K2P, or HKY substitution model. In these analyses, the transition/transversion ratios for the K2P and HKY models were estimated from the simulated data. For the HKY model, the equilibrium base frequencies were set equal to the observed frequencies in the simulated data. The combination of three substitution models and two four-taxon trees resulted in six possible analysis models.
Studies were carried out with sequences that were 1,000 bp long for each of the 18 combinations of three simulation models and six analysis models. Four additional sets of studies employed the JC substitution model for both simulation and analysis, the two trees ((1 2) (3 4)) and ( (1 3) (2 4)), and sequences that were 100 and 10,000 bp long. In all of these studies, two local maxima were considered distinct only if their negative log likelihoods differed by more than 0.1. (1 2) (3 4)) was used as the model tree to simulate sequences and to search the simulated data sets for multiple peaks. On each of the nine plots, the horizontal axis is the length of the four external branches of the model tree, and the vertical axis is the length of the internal branch of the model tree. Both branch lengths vary from 0.05 to 1.0 in increments of 0.05. The symbols across the top of the figure represent the nucleotide substitution models used to simulate sequences, and those down the right side represent the models used to analyze the simulated data sets for multiple peaks. Panels on the diagonal correspond to cases for which the simulation and estimation models match perfectly. For panels below the diagonal, the simulation model is a special case of the estimation model (i.e., the estimation model is appropriate but more general than necessary). For panels above the diagonal, the estimation model violates assumptions implied by the simulation model. The intensity of shading of the squares in each plot represents the average number of likelihood peaks per simulated data set for the given pair of external and internal branch lengths: 1.00 (□), 1.01-1.33 (h), 1.34-1.66 (e), 1.67-1.99 (d), Ն2.00 (Ⅵ). See text for additional details. (1 2) (3 4)) was used as the model tree to simulate sequences, and topology ( (1 3) (2 4)) was used to search the simulated data sets for multiple peaks. On each of the nine plots, the horizontal axis is the length of the four external branches of the model tree, and the vertical axis is the length of the internal branch of the model tree. Both branch lengths vary from 0.05 to 1.0 in increments of 0.05. The symbols across the top of the figure represent the nucleotide substitution models used to simulate sequences, and those down the right side represent the models used to analyze the simulated data sets for multiple peaks. The intensity of shading of the squares in each plot represents the average number of likelihood peaks per simulated data set for the given pair of external and internal branch lengths: 1.00 (□), 1.01-1.33 (h), 1.34-1.66 (e), 1.67-1.99 (d), Ն2.00 (Ⅵ). See text for additional details.
Results
Figure 2 displays the results for the nine combinations formed by coupling each of the three simulation models with each of the three analysis models involving the tree topology ( (1 2) (3 4)). Thus, in all of these cases, each data set was searched for multiple peaks on the same tree topology used to produce it, the ''true'' tree. In all nine cases, significant numbers of data sets that resulted in multiple likelihood peaks occurred only when the branch lengths of the model tree were rather long. It is likely that this results from sequences of 1,000 bp not being long enough to accurately estimate the longer branch lengths, a conclusion borne out by the results displayed in figure 4, which will be discussed below. However, even in cases where multiple peaks were sometimes found, the average number of peaks was less than 1.33. Another interesting result from these nine sets of studies was that in the three cases where the simulation model was more complex than the analysis model (K2P/JC, HKY/JC, and HKY/K2P), no multiple peaks were found over the entire range of simulation branch lengths. This probably results from the less complex analysis models underestimating the branch lengths of the more complex simulation models. Figure 3 displays the results for nine combinations formed by coupling each of the three simulation models, using the tree topology ((1 2) (3 4)), with each of the three analysis models, using the tree topology ((1 3) (2 4)); i.e., in these cases, each data set was searched for multiple peaks on a different tree topology than the one used to produce it. The most notable feature of all nine sets of these results is that when the ''true'' tree has a relatively long internal branch coupled with relatively short external branches, a ''wrong'' tree will be very likely to have multiple maximum-likelihood points for a given data set, regardless of the substitution model used to generate or analyze the data. These results parallel Steel's (1994) example discussed above. Tree 2 of figure 1 may be considered the best estimate of the true tree for the given one-character data set because it has a higher maximum likelihood than tree 1. At its maximum-likelihood point, it has very short external branches (zero) and a very long internal branch (ϱ). Also, as in the cases illustrated in figure 2 , a significant number of data sets shown in figure 3 resulted in multiple peaks even when external branches were long, regardless of the internal branch length. (1 2) (3 4)) was used as the model tree to simulate sequences. On each of the six plots, the horizontal axis is the length of the four external branches of the model tree, and the vertical axis is the length of the internal branch of the model tree. Both branch lengths vary from 0.05 to 1.0 in increments of 0.05. In all six studies, the JC nucleotide substitution model was used to simulate sequences and to analyze the data sets for multiple peaks. The numbers across the top of the figure are sequence lengths, and those down the right side represent the model trees ( (1 2) (3 4)) and ( (1 3) (2 4) Figure 4 shows the results from six sets of analyses with sequence lengths of 100, 1,000, and 10,000 bp using the JC substitution model for generating the sequences and searching for multiple peaks. It is clear that as sequence length increases, the frequency of multiple peaks at longer external branch lengths decreases whether the search is performed on the ''true'' tree, ((1 2) (3 4)), or the ''wrong'' tree, ((1 3) (2 4)). However, the zone of multiple peaks on the ''wrong'' tree that is associated with relatively short external branches persists and becomes better defined.
Because giving all external branches the same length results in only a small portion of branch length space being explored, four simulation studies were conducted with branches 1 and 3 of tree 2 having the same length (two-branch length) and branches 2 and 4 and the internal branch having the same length (three-branch length). This is the same design used in simulation studies that have explored the ''Felsenstein Zone,'' the region in which parsimony is inconsistent (e.g., Huelsenbeck and Hillis 1993). Only the JC substitution model was used. In these studies, two-branch length and threebranch length were varied independently from 0.05 to 1.0 in increments of 0.05. Again, for each of the resulting 400 pairs of branch lengths, 100 replicate sets of sequences were produced. Simulations were conducted with sequence lengths of 1,000 and 10,000 bp. The analysis models employed the JC substitution model and either the true tree, ((1 2) (3 4)), or the alternative ((1 3) (2 4)). As in the studies described above, when the true tree was used in the analysis and sequences were 1,000 bp long, multiple peaks were found only infrequently and only when both branch lengths were rather large. At sequence lengths of 10,000 bp, multiple peaks disappeared entirely. When the alternative tree was used, multiple peaks were infrequent and occurred mainly with data sets generated on a true tree with relatively large three-branch lengths. This phenomenon was more prominent with 1,000-bp sequences but did not disappear with 10,000-bp sequences.
Because the true phylogenetic tree for a set of sequences is expected to have a higher maximum likelihood than alternative trees (Chang 1996; Rogers 1997) , the results from the four-taxon simulations support the conclusion that multiple maximum likelihoods will usually occur only with trees of lower maximum likelihood, assuming that the sequences are long enough to give an accurate estimate of the branch lengths of the true tree.
Six-Taxon Simulations Simulation Models
In these simulations, we used one or more of the six possible rooted, bifurcating tree topologies for six taxa, shown in figure 5 . In each set of simulations, relative branch lengths for the model tree topology were drawn at random according to a Yule process (see, e.g., Kidd, Astolfi, and Cavalli-Sforza 1974) . Branch lengths were scaled so that the expected number of nucleotide substitutions between the root and any tip is equal to a value called the ''height'' of the tree. Sequences were then evolved over the tree according to one of the nucleotide substitution models discussed above. In each simulation, sequences were generated with 100 different sets of branch lengths for the given model tree. All sequences were 100 bp long, except where noted. The short sequence lengths would be expected to increase the probability of multiple maxima, as was found in the four-taxon simulations. 
Analysis Models
Each of the simulated data sets was searched for multiple maximum likelihoods on all 105 possible unrooted, bifurcating trees for six taxa with either the same nucleotide substitution model used to generate the sequences or a different model. Figure 6 displays the results from six sets of studies in which the simulation models employed the JC nucleotide substitution model and each one of the six model trees with height ϭ 0.1. In each of the six sets, the analysis for multiple peaks also used the JC substitution model. It is obvious that in each of these studies, trees of lower maximum likelihood (higher ϪlnL) are much more prone to multiple peaks than are trees of higher likelihood. Also, in each of the six cases, the unrooted tree that corresponds to the rooted model tree is the tree of highest average log likelihood and, with one exception, had only a single maximum point on each of the 100 replicated sets of sequences. The one exception was for model tree 4 in figure 6 . Here, the corresponding unrooted tree had a single peak on 99 data sets and two peaks on one. It is also obvious from these six studies that ''wrong'' trees will be more likely to have multiple peaks or will have more multiple peaks per data set if the ''true'' or model tree is symmetrical than if it is asymmetrical. This is probably due to the fact that when the model tree is symmetrical, ''wrong'' trees will be more likely to have taxa moved across the relatively long internal branch that contains the root of the model tree. This will produce a situation analogous to that for the ''wrong'' four-taxon tree when the ''true'' four-taxon tree has a relatively long internal branch and short external branches. Figure 7 illustrates the results of six sets of studies with models that exactly duplicate those of figure 6, except with longer trees (height ϭ 0.5). Again, trees of highest likelihood were least likely to have multiple peaks, the unrooted tree corresponding to the model tree had the highest average likelihood and only one peak on each of the 100 replicate data sets, and ''wrong'' trees were more likely to have multiple peaks when the model tree was symmetrical. However, for all six model trees, the highest mean number of peaks was lower at this tree height than at height ϭ 0.1.
Results
Eight six-taxon studies were designed to further explore the effect of analyzing data sets for multiple peaks with a different nucleotide substitution model than the one used to simulate the data. In all cases tree 6 with height ϭ 0.1 was employed, because this combination is very prone to result in multiple peaks on the ''wrong'' trees. The four studies shown in figure 8 employed the JC substitution model and the HKY substitution model with a transition/transversion ratio of 10 and equilibrium base frequencies of 0.1 (A), 0.4 (C), 0.4 (G), and 0.1 (T) for simulation of sequences. Analysis was performed using the JC model and the HKY model with transition/ transversion ratios and nucleotide frequencies estimated from the data. Four additional studies, not illustrated, employed the JC substitution model with equal rates across sites and gamma-distributed rate heterogeneity with shape parameter ␣ ϭ 0.5. For analysis under gamma-distributed-rate models, the discrete approximation of Yang (1994) was used with four rate categories. Although the various combinations differed in highest Results from four studies employing six-taxon tree 6 with height ϭ 0.1 as the model tree. The JC and HKY substitution models were used to simulate sequences and search for multiple peaks. The symbols across the top of the figure represent the nucleotide substitution models used to simulate sequences, and those down the right side represent the models used to analyze the simulated data sets for multiple peaks. In each plot, a data point represents one of the 105 possible unrooted, bifurcating trees for six taxa. See text for additional details.
FIG. 9.-Results of six studies employing the JC substitution model to simulate sequences and search for multiple peaks. The model trees for the studies were (a) six-taxon tree 6 with height ϭ 0.1, sequence length ϭ 1,000 bp; (b) six-taxon tree 6 with height ϭ 0.1, sequence length ϭ 10,000 bp; (c) six-taxon tree 1 with height ϭ 2.0, sequence length ϭ 100 bp; (d) six-taxon tree 6 with height ϭ 2.0, sequence length ϭ 100 bp; (e) a perfectly asymmetrical eight-taxon tree with height ϭ 0.1, sequence length ϭ 100 bp; and (f) a perfectly symmetrical eight-taxon tree with height ϭ 0.1, sequence length ϭ 100 bp. See text for additional details. mean number of peaks for ''wrong'' trees, the major trends observed in figures 6 and 7 did not change. Figure 9a and b illustrates the effect of sequence length on the pattern of multiple peaks. These two studies employed tree 6 with height ϭ 0.1, the JC substitution model for both simulation and analysis, and sequence lengths of 1,000 and 10,000 bp. Again the primary results noted in the studies above recur. With increasing sequence length, there is some reduction in the highest mean number of peaks among the ''wrong'' trees but no tendency for it to approach one peak. Of the nine ''best'' unrooted trees (the nine trees with ϪlnL Ͻ 305) at a sequence length of 100 bp ( fig. 6 ), six had only one peak on each of the 100 replicate data sets. The remaining three had one peak for 99 data sets and two peaks for 1 data set. At sequence lengths of 1,000 and 10,000 bp, all nine best trees had only one peak on each of the 100 data sets. These nine trees are the unrooted trees that correspond to the rooted trees that result from pairing each of the three possible resolutions within monophyletic group (1, 2, 3) with each of the three resolutions within group (4, 5, 6) of tree 6 in figure 5. None of these arrangements involves moving a taxon across the central internal branch of the model tree. Figure 9c and d displays results from two studies using tree 1 and tree 6, respectively, with height ϭ 2.0 as model trees, sequences 100 bp long, and the JC substitution model for both simulation and analysis. As in the four-taxon studies, the very long branches on the model trees resulted in frequent occurrence of multiple peaks among ''good'' as well as among ''bad'' trees. Again, this probably occurs because the short sequences are not giving good estimates of the true branch lengths of the model tree. Figure 9e and f displays the results of two studies that employed eight-taxon model trees with height ϭ 0.1, sequences 100 bp long, and the JC substitution model for both simulation and analysis. In the analysis phase, each of the 10,395 unrooted, bifurcating trees was searched for multiple peaks beginning from 100 random sets of branch lengths. Because of the large number of unrooted trees for eight taxa, only 50 replicate data sets were simulated in each study. The study illustrated in figure 9e employed a perfectly asymmetrical model tree. The study illustrated in figure 9f employed a perfectly symmetrical model tree. All of the major results of the six-taxon studies recur: (1) only trees of lower likelihood are very prone to multiple peaks, and (2) multiple peaks are more likely to occur on ''wrong'' trees when the ''true'' tree is symmetrical than when it is asymmetrical.
Eight-Taxon Simulations
We also conducted one study that employed a perfectly symmetrical 32-taxon model tree with height ϭ 0.5, sequences 100 bp long, and the JC substitution model for both simulation and analysis. Only 50 replicate data sets were simulated in this study. Trees were searched for multiple local maxima from only 50 sets of randomly chosen branch lengths. In this study, the unrooted tree corresponding to the true tree had an average of 1.02 maxima per replicate. A second tree that differed from the first by a single rearrangement of terminal branches averaged 1.04 maxima per replicate. And a third tree that differed by two rearrangements of terminal branches averaged 1.12 maxima per replicate. In contrast, 105 randomly constructed unrooted trees averaged 3.22 maxima per replicate. It seems unlikely that extension of the simulations to even larger trees would qualitatively change this basic pattern.
Conclusions
In all of the studies reported on in this paper, except those involving model trees with very long branches, the true tree rarely had multiple likelihood maxima and usually had the highest average likelihood, even with very short sequences. Furthermore, in studies with more than four taxa, trees of very high likelihood (in addition to the true tree) rarely had multiple maxima. Our results thus provide reassurance that the value of maximum likelihood as a tree selection criterion is not compromised by the presence of multiple local maxima-the best estimates of the true tree are not likely to have them. This result holds true even when an incorrect substitution model is used for tree selection.
